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Introduction

We are interested in the problem of portfolio optimization
under uncertainty in incomplete markets, particularly under
stochastic volatility.

Related are risk management problems of optimal
hedging, particularly of risks from derivative securities.

In the context of continuous-time stochastic models, dates
back to Merton (1969,1971): solved the HIB dynamic
programming PDE for specific utility functions and constant
volatilities.

Too many developments since then to list exhaustively, but
the revolution in thinking has been through duality theory
(martingale method): Pliska (1986), Karatzas, Lehoczky &
Shreve (1987), Cox-Huang (1989).

Very general analysis for semimartingale models: Kramkov
& Schachermayer (1999).
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programming in the primal?
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Asymptotic Methods

On the other hand, asymptotic analysis has been
developed to simplify option pricing problems in incomplete
markets, for instance under stochastic volatility.

How can these methods help to compute (or approximate)
value functions and optimal policies?

How can they be used to relate market data (e.g. implied
volatility skews) to optimal strategies; or to inform choice of
risk measure? What effective parameters are identified?

The dual optimization problem is typically as difficult as the
primal. What progress can we make with dynamic
programming in the primal?

Viewing the incomplete market problem as a perturbation
around a complete markets problem.
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Merton Problem in Stochastic Environment

We are interested in the Merton problem of portfolio
optimization over a horizon T when volatility is stochastic
and characterized by its speed of fluctuation relative to T .

Start with one fast stochastic factor:
dSt = ,u(Yt)St dt + O'(Yt)st dW 1)

pdw® 4 /1 de(2>

1 1
dYe = Cb(Y)dt+ a(Y, ) (

where W®) and W (@) are independent Brownian motions.
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Merton Problem in Stochastic Environment

We are interested in the Merton problem of portfolio
optimization over a horizon T when volatility is stochastic
and characterized by its speed of fluctuation relative to T .

Start with one fast stochastic factor:
dS; = pu(Y))Sidt + o(Yy)S dw Y

1 1
dYe = Zb(vi)dt+-a(vy) (p dw® 4 /1= 2 th(Z)) :
where W) and W (2) are independent Brownian motions.

Here the process Y; = Ytl/a, where we assume that Y1 is
an ergodic process with unique invariant distribution which
has a density ®, and (g) = [ g(y dy.
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Merton Problem in Stochastic Environment

We are interested in the Merton problem of portfolio
optimization over a horizon T when volatility is stochastic
and characterized by its speed of fluctuation relative to T .

Start with one fast stochastic factor:
dSt = ,u(Yt)St dt + O'(Yt)st dW 1)

1 1

dYe = =b(Yy)dt+ —a(Yy) (pdw +v/1— p2dw? )
€ NG

where W®) and W (@) are independent Brownian motions.

Here the process Y; = Ytl/e, where we assume that Y1is
an ergodic process with unique invariant distribution which
has a density ®, and (g) = [ g(y)®(y)dy.

That is: fast mean-reverting stochastic factor as illustrated
next:
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Fast Mean-Reverting Stochastic Volatility: < = 1/¢

0.2 T T

Figure: Simulated CIR Stochastic Volatility (Heston)
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Summary of Option Pricing Asymptotics

Assume a risk-neutral pricing measure
under which S is a martingale, (S,Y) are jointly Markov
and Y is Markov by itself:

dS; = o(Yy)Sidw,;®

ave = (ber) - Tavon)) o

%a(Yt)(de W41, dW*(Z)

where W*(1) and W*®) are independent P*-Brownian
motions and r = 0. Here A is the volatility risk premium.
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Summary of Option Pricing Asymptotics

Assume a risk-neutral pricing measure
under which S is a martingale, (S,Y) are jointly Markov
and Y is Markov by itself:

dSt = O’(Yt)st th*(l)

dy, = <%b(Yt)—%a(Yt)A(Yt)> dt

1
+ozav) (paw® + V1= 2 dw;®)

where W*(1) and W*(2) are independent P*-Brownian
motions and r = 0. Here A is the volatility risk premium.

European option price:

C(t,S,y) =E™{h(St) [ St =S, Y1 =Vy}.
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Reference on Option Pricing Asymptotics

Multiscale Stochastic Volatility for Equity, Interest-Rate and
Credit Derivatives
J.-P. Fouque, G. Papanicolaou, R. Sircar, and K. Sglna

Cambridge University Press 2011
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Option Pricing Asymptotics
Then for small ¢, C4(t,S,y) ~ Cgs(t,S) + Cy(t,S), where
Cgs is the Black-Scholes price with the stochastic volatility
replaced by the average 5: 5% = (o(+)?).
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Option Pricing Asymptotics
Then for small ¢, C%(t,S,y) ~ Cgs(t,S) + C1(t,S), where
Cgs is the Black-Scholes price with the stochastic volatility
replaced by the average 5: 5% = (o(+)?).

That is, LpsCpgs =0, with Cgs (T,S) = h(S), where
0

1—2 k
= — — D =
['BS 8t + 20 Dz, Kk S

8k
oSk’
The correction C; solves
LgsC1 = —(V3D2 +V3D1D2)Cgs,  Cy(T,S) =0,

where V5, V$ o /. The V5 contains the volatility risk
premium; the V3 contains the correlation (or skew) p.
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Option Pricing Asymptotics

Then for small ¢, C%(t,S,y) ~ Cgs(t,S) + C1(t,S), where
Cgs is the Black-Scholes price with the stochastic volatility
replaced by the average 5: 5% = (o(+)?).

Thatis, LgsCgs = 0, with Cgs(T,S) = h(S), where

o 1, O
_ 9 25p  p sk
Los = 5r T 39 P2 k=S 5sk

The correction C; solves
LsCy = — (VD2 + V3 D1D,) Cgs, Ci(T,S) =0,

where V5, V3 o \/c. The V5 contains the volatility risk
premium; the V3 contains the correlation (or skew) p.
The solution is given by

Ci1=(T —t)(V;D, +V3D1D;) Cgs

because LgsDy = Dy Lgs.

23



Merton Problem: Wealth Process, Value Function
(Work with Ronnie Sircar & Thaleia Zariphopoulou)

Let X denote the wealth process:

dXt = Wt? + r(Xt — Wt)dt,
t

that is, taking for simplicity,

dXt = 7Tt,U,(Yt) dt + 7TtO'(Yt) th(l)
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Merton Problem: Wealth Process, Value Function
(Work with Ronnie Sircar & Thaleia Zariphopoulou)

Let X denote the wealth process:

ds
dX; = 7TtS—t + r(Xt — Wt)dt,
t

that is, taking r = O for simplicity,

dX; = mu(Ye) dt + mo(Ye) dw .

Given a utility function U(x) on R with

U'(0") =00, U’(cc)=0 and AE[U]:= Xli_)moox LLJJ/((:)) <1,

define the value function

V(t.X,y) = SUpE {U(Xr) | X = X, Y, = y}.

25



Hamilton-Jacobi-Bellman PDE (quadratic in )
Injecting «*, the associated HJB equation is

2
Vy + ’)aﬁ)vxy> -

o :
Vi + ;[,oV — >V
€ XX

with V(T,x,y) = U(x), and where
is the Sharpe Ratio,
and

1, 02 9
Lo = Ea(Y) ay2 +b(y)

oy’
so 1L is the generator of Y .
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Asymptotic Expansion in ¢
Look for an expansion (asymptotic as = | 0):

V(t,X7y) = V(O)(t7Xay)—i_\/gv(l)(t:X;y)—i_EV(Z) (t,X,y)+' o

27



Asymptotic Expansion in ¢
Look for an expansion (asymptotic ):

V(t7x>y) = V(O)(tvva)_‘_\/gv(l)(tvxvy)—l_gv(Z) (tvxvy)+' .

At highest order 71,

(0)\2
1 (Vxy')
cv® - a0 <o
VXX

and we choose v(©) = v (t, x).
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Asymptotic Expansion in ¢

Look for an expansion (asymptotic ):

V(t,x,y) =vO(t,x,y)+vevB(tx y)+ev@(t, x,y)+

At highest order ¢ 1,

1,
Lov® — EP a(y)

and we choose v(0) =
At next order e ~1/2,

vO(t, x).

V V
Lov® — pA(y)aly) 22— = 0.

Again, we choose v(%)
which satisfies Lov(%)

(0)

= v((t,x), independent of y,
=0.
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Principal Term v(©)
At order one:

vt(o) + Lov® — %/\(y)2

()

v

=0.
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Principal Term v(©)

At order one:
(w)?

VXX

v 4 Lov® — %)\(y)2 =0.

This is a Poisson equation for v(2) whose solvability
condition (Fredholm alternative) requires that

=0, vO(T,x)=U(x).

where \? is the square-averaged Sharpe ratio: \? = <g—§>

The limit problem is constant Sharpe ratio Merton.
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Principal Term v(©)
At order one:
(0)\2
Vt(O) + ﬁoV(z) N })\(y)Z (Vx )
2 VXX

=0.

This is a Poisson equation for v(2) whose solvability
condition (Fredholm alternative) requires that

(0)y2
© loo(w’)” 0) _
A 2)\ Vg()) =0, V(T x) = U(x).

where \? is the square-averaged Sharpe ratio: \? = <g—§>
The limit problem is constant Sharpe ratio Merton.
The averaging result is that the effective parameter
in the limit is \. When . is constant,
stochastic volatility is harmonically averaged:
32 H

= —27
U*
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Principal Linear Operator
» Introduce the (Oth order) risk-tolerance function:

(0)
RO, x) = - )
VXX (t7X)

and the differential operators

8k
Dx :R(O)(t,X)kM’ k :1’27"'
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Principal Linear Operator
Introduce the (Oth order) risk-tolerance function:
(0)
RO, x) = - )
VXX (t,X)

and the differential operators
O )k &
Dk:R (t,X) %, k:1,2,

Can write nonlinear term as a “diffusion”:

(0)\2 0)\ ?
(v ) _ <Vx ) V>£>(<)) _ (R(O))zv)gg) — D),

(0) (0)

VXX VXX
or as a “drift™;
(0)y2 (0)
(vx ") _ (VX > V)EO) — —R(O)V>EO) = D@,
(0) (0)
VXX VXX
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Principal Linear Operator
Convenient to write it as the drift diffusion combination

(v 0)y2 ~ ~
—%AZ% - (%)\ZDZ + A2D1> v

VXX

Introducing,

9

we have £; v = 0. (NONLINEAR PDE, in disguise.)
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Principal Linear Operator
Convenient to write it as the drift diffusion combination

(v 0)y2 _ _
—%AZ% - (%)\ZDZ + A2D1> v

VXX
Introducing,
0 1- -
Lix = — + =X°D,+ A°D
tx = 5 + 5 2+ 1)

we have £; ,v(©) = 0. (NONLINEAR PDE, in disguise.)
Next order £1/2:

1
o™ = -BD1DV®, B =Zp (My)aly)e'(y))

Lod=Ny)?— X2,  corrector eqn.
The terminal condition is: v(Y(T,x) = 0. LINEAR PDE.
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Solution for v(1)
The risk-tolerance function R(?) satisfies Black’s (fast

diffusion) equation (1968):
R + %XZ(R(O))ZRSQ) = 0.

Consequently, the operators L; x and D; acting on smooth
functions of (t,x) commute: L; D1 = D1 L x.
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Solution for v(1)

The risk-tolerance function R(?) satisfies Black’s (fast
diffusion) equation (1968):

R + %XZ(R(‘)))ZRSP —0.

Consequently, the operators L; x and D; acting on smooth
functions of (t,x) commute: £; yD; = D1 L .

Therefore v(Y) is given by

v (t,x) = (T —t)BD1DvO(t, x).

This is as with option pricing asymptotics, even with the
(t,x)-dependent coefficients (R(9))¥, but those are coming
from solutions to Black’s equation.
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Example I. Power Utility with risk-aversion ~

Xl—'y

Y C77>07

v # 1.
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Example I: Power Utility with risk-aversion ~
x1=7
11—y

Ux)=c , c,y>0, ~v#1

Arrow-Pratt measure of relative risk aversion:

U”(X) B
U'(x)

AP[U] := —x
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Example I. Power Utility with risk-aversion ~
x1=7

U(x):cl_ﬁ/

;. C¢y>0, y#1

Arrow-Pratt measure of relative risk aversion:

polu) )

Asymptotic elasticity: AE[U] := limy_o0 X > ((;)) =1-v<1.
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Example I: Power Utility with risk-aversion ~

Arrow-Pratt measure of relative risk aversion:

U”(X) B

AP[U] := —x 0(x) =

Asymptotic elasticity: AE[U] := limy_, oo X = ((X))
Risk-tolerance function:

u 1

li=t= o ;X-

: c,y>0, v#L

1-y<1l
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Example I. Power Utility with risk-aversion ~

X 0 1
e C .
U(x) S >0, y#
Arrow-Pratt measure of relative risk aversion:
U//(X)
AP[U
wh= U
Asymptotic elasticity: AE[U] : U(( ))
Risk-tolerance function:
v’ 1

lt=T= U ;X-

v(® = ci(l__;g(t), g(t) = exp <%5\2 <¥) (T — t)> .

v = (T —1)BD1Dv(® = (T —t)B <1 .

Y 2
”> v,
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Example II: Mixture of Power Utilities

x1-m x 1=
C1 )
11—y "1-7

U(x) =

Arrow-Pratt measure of relative risk aversion:

ciyix =177 4 ¢y

AP[U] = cix—(m=72) + ¢,

Asymptotic elasticity:
Clx_(’Yl—’Yz) + Co
C — — C
(l——l'yl> x—(1—72) + (1_272>

Risk-tolerance function:

R(0) e cix~(n=72) 4 ¢, o %x as X — oo
=T\ ciyax—012) + ey Zx asx — 0.

AE[U] = XIim =1l-7 <1l

€1,€2 >0, 71 >7%>0, 72#1
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Mixture I: v, = 1.2 and v, = 0.25,¢c; = ¢, = 0.5

UTILITIES
15 T T
x Y,7Ll2
_ _.Y,7025 e
10H Mixture ---"

-15 L L L I I
0

2 4 6 8 10 12 14 16
Wealth x

Figure: Utility Functions
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Mixture I

Y1 = 1.2 and Yo = 0.25,c1=¢c, =05

ARROW-PRATT RISK AVERSION

14 T T T
1.

1H i

y1:1.2
_— y2=0v25

08~ Mixture b
0.6 q
0.4r —
0.2r- —

0 I I I I I I I I I

0 2 4 6 8 10 12 14 16 18 20

Wealth x

Figure: Arrow-Pratt —xU” /U’
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Mixture I: v, = 1.2 and v, = 0.25,¢c; = ¢, = 0.5

80
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40
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20

10

RISK TOLERANCE

T
x Y7Ll2

- = _v2:0.25

Mixture

Figure: Risk-Tolerances —U’/U”
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Mixture II: v, = 0.85and v, = 0.15,¢c; = ¢, =0.5

UTILITIES
16 T T
... Y,7085
— = .y,7015 ]
141 Mixture 7 )

I
0 2 4 6 8 10 12 14 16 18 20
Wealth x

Figure: Utility Functions



Mixture II: v, = 0.85and v, = 0.15,¢c; = ¢, =0.5

ARROW-PRATT RISK AVERSION
T

12

0.8

0.6

~  _y,7015

Mixture

0 2 4 6 8 10 12 14
Wealth x

Figure: Arrow-Pratt —xU” /U’
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Mixture II: v, = 0.85and v, = 0.15,¢c; = ¢, =0.5
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Figure: Risk-Tolerances —U’/U”
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Numerical Solution of zeroth order Merton Problem

» Discretization of the Merton PDE for v(©(t,x) on [0, Xmax]

(0)y2
©  Lsa(vx )" _ 0 _
Vi = 5A NG =0, vO(T x)=U(x)

has potentially small divisor problem for large x and
singular boundary conditions at x = 0 and X = Xmax-
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Numerical Solution of zeroth order Merton Problem
Discretization of the Merton PDE for v(©(t, x) on [0, Xmax]
0
W2

o 1
R

0, vO(T x) = U(x)

for large x and

has potentially
atx = 0 and X = Xmax.

Better: numerically solve the fast diffusion equation:

C

l— /
R+ SR(ROPRY =0, RO(T x) = —U,,((XX))

and then integrate:

Xmax 1
V)EO)(taX) — V)EO)('[,Xmax)eXp </x R(T(t,i)(ﬁ)

9
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Numerical Solution of zeroth order Merton Problem
Discretization of the Merton PDE for v(%)(t, x) on [0, Xmax]

2

0

v - EAZ( (0)) =0, vOT x)=U(x)
VXX

has potentially for large x and

atx = 0 and X = Xmax.

Better: numerically solve the fast diffusion equation:

'(x)
U”(X)’

C

RO 4 ZR(ROPRY =0, RO(T x)= -

and then integrate:

Xmax 1
(0)(t X) = Vﬁo)(t,xmax)exp (/X RO, §)d§>

For mixture power utilities, R(©)(t,0) =
RO(t, Xmax) = 712 and we know behavior of v(© for large x.

Recall asymptotic theory just needs v(%) and stochastic
volatility effects are gotten from its derivatives (“Greeks”).
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Mixture I: Value function

UTILITIES
20 T T
vO(0,x)
==V T0=UG
...... v7(0,x) with A -
I5H _ _ V90, with A - - b

-10 i I I I I I
0 2 4 6 8 10 12 14 16 18 20

Wealth x
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Mixture Il: Value function

25

UTILITIES

20K

0,x)

T.x)=U(x)

)
0)
) 0,x) with A

©

_v(o) 0,x) with Y,

10
Wealth x

12

14

16

18

20
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Mixture I: Value Function

VALUE FUNCTION
T

-6

VO
— — =with SV correction

1
8 10

Wealth x

12

14

16

18

20

Figure: Here we plot the correction with /e B = 0.01.



Mixture Il: Value Functions

VALUE FUNCTION
T

16 T T T

VO
— — =with SV correction

14r

12

10

Il
0 2 4 6 8 10 12 14 16 18 20
Wealth x

Figure: Here we plot the correction with /e B = 0.005.
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Optimal Portfolios
Fast Volatility: 7* ~ 7¢, where

= a0

% {BAW)(T — 1) (D1 +D2) +a(y)e/(y)} D1Dov .
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Optimal Portfolios
Fast Volatility: 7* ~ ¢, where

e = 77(0) +
pVE
20(y )vx

Zeroth Order: “Hybrid Merton"

— @y {BAY)(T — 1) (D1 + D2) +a(y)s'(y)

2Ot xy) = VRO ),

o(y)

as opposed to “Merton” 7(")(t,x) := 2cRO(t, x; A ) or

“Moving Merton" 7(MM)(t x y) := jggR(o)

(t, X A(Y))-

} D1D,v(@,
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Optimal Portfolios

Fast Volatility: 7* ~ 7¢, where

= 0
pVE
20(y )y

Zeroth Order: “Hybrid Merton"

Ot x,y) = %R(O)(t,X;X),

as opposed to “Merton” 7(")(t,x) := 2cR(O(t, x; A ) or

“Moving Merton" 7(MM)(t x y) := %R(O)(t,x; A(Y)).

Using the “Hybrid Merton” Oth order suboptimal strategy
results in the optimal value up to first order (/¢), and so
the corrections to the strategy impact the value function at
the v(@ term (order ¢).

%) {BA(Y)(T —t) (D1 +Dp) +a(y)¢'(y) } D1Dov.
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Practical (or “lazy") Merton

For the fast volatility problem, we propose a practical
strategy whose principal terms do not depend on tracking
the fast moving volatility factor Y. Here, take

We look for an expansion of the value function
V(t,x,y) = VO, x,y)+v/e T D (t,x,y)+ev D (t, X,y )+ - -,
and of the controls:

7 =70t x) + verM(t,x) + -,

where the principal terms do not depend ony.
At order one,

70 + £o7?) + max (gﬂ(Y)z(ﬁ(O))ZVx(g) + 7_7(0)“‘7*(0)> o

For the maximizer 7(©) to not depend on y, the quantity
being maximized must be y-independent.



Portfolio Optimization without Volatility Tracking
Choose v to solve

ot + (40 + S PO + 70
- (40 + 32O + 70 ) ~o,
where 52 = (o(+)?). Then
2 [ (g(0)y2
_0)  1pf (7)) _ e _
Vt —§§< V)Eg) ) —07 V( )(T,X)—U(X)

Merton with average volatility
We also have:

7 (0)

W

7Ot x) = — LY PRO)¢ ).

52
The principal Y -independent strategy is Merton with
average volatility 5, NOT o,. More conservative.
Suboptimality is quantified to principal order by [v(©) — v ()|,
62



Next Order
Choosing V) to allow 71 to not depend on y leads to

3
VRV = —(T = 1) (4) " vsDiDo0,
g

where V3 was exactly what showed up in the option pricing
asymptotics.
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Next Order

Choosing v®) to allow 71 to not depend on y leads to
_ w3 _
Vev® = (T —t) (ﬁ) VED;D,v (@),

where V3 was exactly what showed up in the option pricing
asymptotics.

But V5 can be calibrated from the implied vol skew:
log(K/S)

|l ra—=—""2 4 b, V=
T > 3

U o

So the sub-optimality of the practical strategy is governed
by the vol-stock correlation seen in the implied volatility
skew slope.

Can use the market implied volatility skew to gauge the
performance of following the practical Merton strategy.
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Performance
We looked at relative disultility of the practical strategy:
VE(a)

RD=1-
Ve(oy)

which depends on o, /6 and V3 (skew of implied vol).
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Performance
We looked at relative disultility of the practical strategy:
VE(a)

RD=1-
Ve(o)

which depends on o, /¢ and V3 (skew of implied vol).
In fact, the ratio o, /G is fairly constant:

Dates o Ox 0x/T
1/1/2009 — 12/31/2011 28.26% 23.91% 1.186
1/1/2011 — 3/19/2013 21.43% 18.07% 1.186
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Performance
We looked at relative disutility of the practical strategy:
V()

RD=1-
V(o)

which depends on o, /5 and V; (skew of implied vol).
In fact, the ratio 0, /5 is fairly constant:

Dates ol Oy 0x/T
1/1/2009 — 12/31/2011 28.26% 23.91% 1.186
1/1/2011 — 3/19/2013 21.43% 18.07% 1.186

BUT: the skew is more pronounced in the first period
(closer to the crisis), which lowers the disutility
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Performance

We looked at relative disultility of the practical strategy:
VE(a)

RD=1-
Ve(oy)

which depends on o, /5 and V; (skew of implied vol).
In fact, the ratio o, /G is fairly constant:

Dates o 04 0x/T
1/1/2009 — 12/31/2011 28.26% 23.91% 1.186
1/1/2011 — 3/19/2013 21.43% 18.07% 1.186

BUT: the skew is more pronounced in the first period
(closer to the crisis), which lowers the disutility

Conclusion: conservatism of the practical strategy is of
greater benefit in turbulent times
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Slow Scale Volatility Asymptotics

Now suppose stochastic volatility is slowly fluctuating:

dS: = u(Z)Stdt + o(Z;)S dw Y
dz; = oc(Z;)dt+ \/Sg(zt) (det(l) + /1= p2 th(2)> 7

where § is the small parameter for expansion:

V(t,x,z) =vOt,x,z)+vVev P (t.x. 2)+ov@(t,x,2)+ - .

Then v(® is the Merton value function with frozen Sharpe

ratio - Let R(O)(LX,Z) = *V)EO)(t,X,Z)/V)ES)(t,XjZ).
0 1 2 2 Ok ak
Lix = +5M2)"D2+A(2)°D1, D= (RO) S

where now L; x has coefficients depending on z.
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Slow Scale Volatility Asymptotics

Now suppose stochastic volatility is slowly fluctuating:
dSt = ,u(Zt)St dt + O'(Zt)st th(l)
dz, = dc(Zi)dt + Veg(Zi) (p dw® 4 /1= p2 th(z)) ,

where § is the small parameter for expansion:

V(t,x,z) =vO(t,x,z)+VovB(t.x. 2)+ov@(t,x,z)+- - .

Then v(® is the Merton value function with frozen Sharpe

ratio \(z). Let RO(t, x,z) = —v{(t,x, 2) & (t, x, 2).
0 1 2 2 Ok ak
Lix = +5M2)"D2+A(2)°D1, D= (RO) S

where now L; x has coefficients depending on z.
Then L;xv© = 0 with vO(T,x,z) = U(x).
Taking the order v/6 terms leads to

Loxv® = —pA2)g(2)D1v”,  v(T x,2) = 0.
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Vega-Gamma Relationship

In European option pricing under constant volatility :

JCgs
do

82Cps
9s2

= (T —t)0S?

Long convexity = long volatility .
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Vega-Gamma Relationship
In European option pricing under constant volatility :

0Cgs
Oo

982 -

= (T - )S2

Long convexity = long volatility .

Let M(t, x; A) be the Merton value function corresponding
to GBM with Sharpe ratio A, so that
vO(t,x,z) = M(t,x; \(z)). Then we have

oM 2°M
ox - TR

where by R we mean R = —My /Myy.
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Vega-Gamma Relationship
In European option pricing under constant volatility :

0Cgs 2 Cgs
oo 0S2

Long convexity = long volatility .

Let M(t, x; A) be the Merton value function corresponding
to GBM with Sharpe ratio A, so that

vO(t,x,z) = M(t,x; A(z)). Then we have

= (T —)s?

oM , 0°M
o - T -UARS,
where by R we mean R = —My /Myy.

Therefore

Lixv® = —pA(2)9(2)D1vS? = pA(2)g(z)Dy ((T - t))\)\’Dzv(O))

= v(t,x,z) = %(T —t)p\(z2)g(z)D1v{Y.
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Optimal Portfolios

Slow Volatility: 7* ~ 9, where

o 1
PO (1 - 1)22(2) (02 + 1) +1d Dol
o(z)vy) |2



Optimal Portfolios
Slow Volatility: 7* ~ ;3 where

=704
5 1
Lg((ﬁ)) {—(T —t)A2(z) (D2 + Dy) + Id} D%,
a(z)vy ) 2

Zeroth Order: “Moving Merton"

W(O)(tvxv Z) = —R(O)(t>X; )‘(Z))a
g
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Optimal Portfolios

Slow Volatility: 7* ~ 7%, where
pVog(z) (1 .
7((0)) {E(T —1)A%(z) (D, + Dy) + Id} D9,
a(Z)vx

Zeroth Order: “Moving Merton"

Az)

(0) — MN2)n(0) )

T (t,x,z) o(z)R (t,x; A(2)),

Using the “Moving Merton” Oth order suboptimal strategy
results in the optimal value up to first order (v/9), and so
the corrections to the strategy impact the value function at
the v(@ term (order §).
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Multiscale: fast and slow factors

ﬂ_*

~ w59, where

0 — 7.‘.(0) +

VS (B@)A(y.2)(T ~1) (D1 + D2) +aly)dy (y.2)} D1Dov'®
20(Y,Z)Vy

2002

(0)

}(T —t)A(Y,2)A(z) (D2 + D1) + Id} D9,
a(y,z)Vy

2
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Multiscale: fast and slow factors

™ &~ &9, where

7T€’5 — 7-‘-(0)

_|_
PVE (B@)AY,2)(T 1) (D1 +Ds) +a(y)dy (y.2)} D1Dov O
20(y, Z)Vx
+ pz‘fg(zo) {—(T —t)A(Y,2)A(z) (D; + Dy) + Id} D,v0.
a(y, 2w |2
Zeroth Order: “Hybrid Moving Merton"
O(t,x,y,2) = %R(O)(t,xﬂ(z)),
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Multiscale: fast and slow factors
™ ~ 719, where

7.‘-5,6 — ﬂ_(O) +

_MVE (B()A(y,2)(T —t)(Dy + D) + a(y)éy(y.2)} DD

20(y.z)vy")
] 1 N
+Lg(fo)) {E(T —t)A(Y,2)A(2) (D2 + D1) + Id} Dv.
o(y,z)Vx
Zeroth Order: “Hybrid Moving Merton"
Ay, 2) <
() — 28 p0)t x-
T (t,X,y,2) = RY™(t,x; A(z)),
(txy,2) = o SROMxAE)

Using the “Hybrid Moving Merton” Oth order suboptimal
strategy results in the optimal value up to first order (/6
and /), and so the corrections to the strategy impact the
value function at the v(2) term (order § and ¢).
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Accuracy Proof: so far with power utilities and one factor,
by linearizing the problem using a distortion
transformation. Work in progress with general utilities
using sub and super solutions.
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Accuracy Proof: so far with power utilities and one factor,
by linearizing the problem using a distortion
transformation. Work in progress with general utilities
using sub and super solutions.

Filtering: see joint work with Andrew Papanicolaou in the
context of stochastic unobserved drift in asset returns.
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Accuracy Proof: so far with power utilities and one factor,
by linearizing the problem using a distortion
transformation. Work in progress with general utilities
using sub and super solutions.

Filtering: see joint work with Andrew Papanicolaou in the
context of stochastic unobserved drift in asset returns.

THANK YOU FOR YOUR ATTENTION
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