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Graph Decompositions 

ÅPartition the edges of your favorite graph so 
that each element of the partition induces 
something interesting.   

K7 = 

Use colors on the edges  
to denote the partition. 

Maybe you like paths, 
but with variety! 



Existence Problems 
ÅWhen do 4-cycle systems exist (of Kn)? 

ÅClearly the number of edges must be divisible by 4 

ÅAnd the degree of each vertex must be even. 

ÅSo n must be congruent to 1 modulo 8. 

 

 
1 

3 

2 

4 

Each edge 
has an 
associated 
άŘƛŦŦŜǊŜƴŎŜέΦ 



Another 4-cycle system: K17 
Sometimes we need something more complicated 

Rotate left to right 
Pure Difference 4 

Pure Difference 4 

Mixed Difference 4 

²ƘŀǘΩǎ ƳƛǎǎƛƴƎΚΚ 

Ð 

Mixed differences 2 and -2 



Other Cycle Lengths 

ÅThe existence of m-cycle systems of order n 
has been solved after a long history. 

ÅClearly  

ïthe number of edges must be divisible by m 

ïthe degree of each vertex must be even, and 

ïwe need n to be at least m, or n = 1. 

Alspach, Gavlas, ~ŀƧƴŀ (Hoffman, Lindner, Rodger) 

 

 



Embeddings 

ÅA 4-cycle system P of ɚKv is said to be embedded 
in a 4-cycle system Q of ɚKv+u if P is a sub-
multiset of Q. 

 
 
 
 
 

 
  

P with ɚ = 1 Q has ɚ = 1 too!  

v u 



Embeddings - History 
ÅThe Lindner problem of embedding a partial 3-

cycle system of order n into an STS(v) has been 
solved!     (Bryant and Horsley) 

Å! ƴŜŎŜǎǎŀǊȅ ŎƻƴŘƛǘƛƻƴ ǊŜǉǳƛǊŜǎ ǘƘŀǘ Ǿ җ нƴҌм 

ÅFor 4-cycles the situation is messier, but recent 
progress has been dramatic: 

ÅbŜŎŜǎǎŀǊƛƭȅ Ǿ җ ƴҌƴ1/2-1 

ÅLindner had the best result of 2n+15 until recently: 

Ån + 121/2n3/4 + o(n3/4)     (Lindner and Hilton) 

Ån + n1/2 + o(n1/2)  (Füredi and Lehel) 

 



Embeddings - History 
ÅPartial 3-cycle system of order n into an STS(v) 
ÅǾ җ нƴҌм   (Bryant, Horsley) 

ÅPartial 4-cycles systems: 

Ån + n1/2 + o(n1/2) (Füredi, Lehel) 

ÅPartial 5-cycle systems: 
Å(9n + 146)/4   (Martin, McCourt) 

ÅPartial 2k-cycle systems 
ÅAround kn  (Hoffman, Lindner ,Rodger) 

ÅPartial 2k+1-cycle systems 
ÅAround (4k+2)n (Lindner, Rodger, Stinson) 



Enclosings 

ÅA k-cycle system P of ɚKv is said to be enclosed 
in a k-cycle system Q of (ɚ+ɛ)Kv+u if P is a sub-
multiset of Q. 

 
 
 
 
 

 
  

P with ɚ = 1 Q with ɚ+ɛ = 2 

k = 5 



Conjecture 
 A 5-cycle system of ɚK v can be enclosed in a 5-

cycle system of (ɚ+ɛ)Kv+u if and only if 

1. (ɚ+ɛ)(v+u-1) is even, 

2. The number of new edges is divisible by 5,  

3. If u = 1 then ɛ(v-1)  Ó 3(ɚ + ɛ), 

4. If u = 2 then  

 ɛv(v-1)/2 - 2(ɚ + ɛ) ï (v-1)(ɚ + ɛ)/2  Ó 0, and 

5. If u Ó 3 then 

 ɛv(v-1)/2 + (ɚ + ɛ)u(u-1)/2 Ó vu(ɚ + ɛ)/4 + 2Ů 

  

where Ů = 0 or 1 if vu(ɚ + ɛ) is 0 or 2 (mod 4) resp. 

(Asplund, Keranen and Rodger) 
 



These Conditions are Necessary 

ÅSuppose u = 1. 

ÅThe number of 5-cycles including the added 
vertex, Ð, must be v(ɚ+ɛ)/2. 

ÅEach of these uses 3 edges in Kv. 

ÅSo  ɛv(v-1)/2  Ó 3v(ɚ+ɛ)/2. 

v vertices 

multiplicity ɚ+ɛ 

Ð 



These Conditions are Necessary 

ÅSuppose u = 2. 

ÅThe number of 5-cycles joining the two added 
vertices must be (ɚ+ɛ). 

ÅEach of these uses exactly 2 edges in Kv. 

v vertices 

multiplicity ɚ+ɛ 

Ð1 

Ð2 



These Conditions are Necessary 

ÅSuppose u = 2. 

ÅThe number of remaining edges joining the 2 
new vertices to Kv is 2v(ɚ+ɛ) ï 2(ɚ+ɛ) 

ÅEach of the 5-cycles using these 2(v-1)(ɚ+ɛ) 
edges uses at least 1 edge in Kv. 

v vertices 
Ð1 

Ð2 



These Conditions are Necessary 

ÅSuppose u = 2. 

ÅSo  

2(ɚ+ɛ) + 2(v-1)(ɚ+ɛ)/4 Ò ɛv(v-1)/2 

 

Å(v-1)(ɚ+ɛ) is even 

v vertices 
Ð1 

Ð2 



Theorem 

 A 5-cycle system of ɚK v can be enclosed in a 5-

cycle system of (ɚ+ɛ)Kv+1 if and only if 

 

1. (ɚ+ɛ)(v+u-1) is even, 

2. The number of new edges is divisible by 5, and 

3. ɛ(v-1)  Ó 3(ɚ + ɛ). 

 

(Asplund, Keranen and Rodger) 

 



An idea of the proof 

Good news!  

The number of edges that occur in 5-cycles completely 
contained in the ɛKv is exactly  

ɛv(v-1)/2  - 3v(ɚ + ɛ)/2 = Ŭv 

so is a multiple of v.  (Ŭ is always an integer) 

 

(3(ɚ + ɛ)/2)v edges occur in 3-paths. 

 

We are in with a chance of using difference methods! 



An example will suffice! 
v = 50, ɛ = 1 

 So the necessary condition  

ɛ(v-1)  Ó 3(ɚ + ɛ) 

means that  

ɚ  Ò   ɛ(v-4)/3 = 15.3 

so 

ɚ  Ò  14. 

We start with the small values and work our way up. 



Skolem Sequences 

The two integers, k, appear k apart in:  

1  1  3  4  2  3  2  4 

1  2  3  4  5  6  7  8 

These can be represented by pairs: 

{1,2} {3,6} {4,8} {5,7} 

Or we can add a constant to each number in 
each pair: 

{4,5} {6,9} {7,11} {8,10} 



v = 50=10k, ɛ = 1, ɚ = 2: so Ŭ = 20  
 {4,5} {8,10} {6,9} {7,11} 0=50 -1 

4 -3 
-2 

6 
7 

8 

-4 Differences used: 

4,5, 8,10,6,9,7,11=2k+1 

16, 17, 18, 19  

15=3k 

12, 13, 14, 15  

23, 22, 21, 20=4k  

30 
29 

28 
5k+2 =27 

What is left?? 

1, 2, 3, 24, 25 



0 -1 

25 
24 

5 

1 

3 

Ð 

What do we do with 
differences  
1,2,3,24,25? 

These edges occur 
In 5-cycles with Ð 

Rotate this through 
50 positions: ɚ = 2 

Rotate this through 
25 positions: ɛ = 1 



Åɚ must be even 

ÅŬ = ɛ(v-1)/2  - 3(ɚ + ɛ)/2  

ÅSo increasing ɚ by 2 means that Ŭ is decreased by 3 

 

v = 50, ɛ = 1,  
What happens if ɚ is bigger? 

Ð 



0 
-1 

4 -3 -2 

6 
7 

8 

-4 

15 30 
29 

28 
27 

v = 50, ɛ = 1, ɚ = 4: so Ŭ = 17  
 0 -1 

25 
24 

5 

1 

3 

Look at the purple 5-cycle: 
8, 10, 13, 17, 20 

How do we drop to 17  
differences on the right?? 

Ð 



0 
-1 

4 -3 -2 

6 
7 
8 

-4 

15 30 
29 

28 
27 

v = 50, ɛ = 1, ɚ = 4: so Ŭ = 17  
 0 -1 

25 
24 

5 

1 

3 

Ð 

Look at the purple 5-cycle: 
8, 10, 13, 17, 20 

How do we drop to 17  
differences on the right?? 

10 
20 



0=50 
-1 

4 -3 -2 

6 
7 
8 

-4 

15 30 
29 

28 
27 

v = 50, ɛ = 1, ɚ = 4: so Ŭ = 17  
0 -1 

25 
24 

5 

1 

3 

Ð 

Two more purple 5-cycle pieces: 

10, 20 

8 

17 30 

The purple 5-cycle pieces: 

8, 13, 17 



ÅWhen Ŭ = 14, somehow we need to use edges 

of 4 differences and partition them into 5-

cycles! 

ÅWe can use edges of difference 10 and 20, like 

before, but we donôt have 2 more options. 

ÅThe edges of differences 1,2, and 3 can be 

partitioned into sets that induce 5-cycles!  

What happens when  
ɚ = 6; so Ŭ = 14??  

 



Remember the Skolem Sequences?? 

The two integers k appear k apart in:  

1  1  3  4  2  3  2  4 

1  2  3  4  5  6  7  8 

These can be represented by pairs: 

{1,2} {3,6} {4,8} {5,7} 

Or we can add a constant to each number in 
each pair: 

{4,5} {6,9} {7,11} {8,10} 

Why add 3?? So we avoid using 
differences 1,2 and 3 in 
the 5-cycles in K50! 
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4 

5 

1 

8 

2 

5k=0 Notice that only edges 
of differences 1,2 and 3 
are used. 

Here is the second 
of three base cycles. 

Each of these will 
have multiples of 5 
added to them. 
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5k=0 Notice that only edges 
of differences 1,2 and 3 
are used. 

Each of these will 
have multiples of 5 
added to them. 

Look at the edges 
of difference 1 in 
these cycles. 
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7 

3 

4 

5 

1 

8 

2 

5k=0 Notice that only edges 
of differences 1,2 and 3 
are used. 

Each of these will 
have multiples of 5 
added to them. 

Look at the edges 
of difference 1 in 
these cycles. 
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3 
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5k=0 
Notice that only edges 
of differences 1,2 and 3 
are used. 

Each of these will 
have multiples of 5 
added to them. 

Look at the edges 
of difference 1 in 
these cycles. 

The 5 edges of each 
difference start at vertices 
that are different mod 5. 



v = 50, ɛ = 1, ɚ = 6: so Ŭ = 14  
 {4,5} {8,10} {6,9} {7,11} 0=50 -1 

4 -3 
-2 

6 
7 

8 

-4 Differences used: 

4,5,12,16,23 
6,9,14,18,21 

10, 

1,2,3 

15 30 
29 

28 
27 

What is left?? 
DǊƻǳǇ ǘƘŜǎŜ ƛƴ оΩǎΥ 
8,15,17,20 
7,11,13,19,22 
24,25 gives ɛ = 1 



What happens when ɛ increases? 
When v = 50 and ɛ = 1, ɚ Ò  14.  

When ɛ = 2, the necessary condition  

ɛ(v-1)  Ó 3(ɚ + ɛ) 

means that  

ɚ  Ò   ɛ(v-4)/3 = 30.6 

so 

ɚ  Ò  30. 

So every case can be handled using the ɛ = 1 result 

EXCEPT WHEN ɚ  =  30!! 

 



Is this v=50 case typical? 

ÅFor the most part, yes.  

ÅThe smallest value of ɚ is also a problem: 

 
ɛ: 
 
v  
(mod 10) 

1 2 3 4 5 6 7 8 9 10 

1 9 8 7 6 5 4 3 2 1 0 

6 4 8 2 6 0 4 8 2 6 0 



Theorem (in all likelihood!) 

 A 5-cycle system of ɚK v can be enclosed in a 5-

cycle system of (ɚ+ɛ)Kv+2 if and only if 

 

1. (ɚ+ɛ)(v+u-1) is even, 

2. The number of new edges is divisible by 5, and 

3. If u = 2 then  

 ɛv(v-1)/2 - 2(ɚ + ɛ) ï (v-1)(ɚ + ɛ)/2  Ó 0 

 

(Asplund, Keranen and Rodger) 

 



Conjecture 

 A 5-cycle system of ɚK v can be enclosed in a 5-

cycle system of (ɚ+ɛ)Kv+u with u Ó 3 if and only if 

1. (ɚ+ɛ)(v+u-1) is even, 

2. The number of new edges is divisible by 5, and  

3. ɛv(v-1)/2 + (ɚ + ɛ)u(u-1)/2 Ó vu(ɚ + ɛ)/4 + 2Ů 

where Ů = 0 or 1 if vu(ɚ + ɛ) is 0 or 2 (mod 4) 

respectively. 

 

(Asplund, Keranen and Rodger) 

 



There is a gap! 

ɛv(v-1)/2 + (ɚ + ɛ)u(u-1)/2 Ó vu(ɚ + ɛ)/4 + 2Ů  *  

is quadratic in v.  

 

So as v increases with the other 3 parameters held 
constant, enclosings may become impossible for some 
interval, then become possible again. 

 

For example when ɛ = 1, ɚ = 34 and u = 7, * requires:   

v Ò 10 or v Ó 120 
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