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Graph Decompositions

A Partition the edges of your favorite graph so
that each element of the partition induces

Something interesting. Use colors on the edge
to denote the partition.

Maybe you like paths,
but with variety!




Existence Problems

A When do 4cycle systems exist (&f)?
A Clearly the number of edges must be divisible by
A And the degree of each vertex must be even.
A So n must be congruent to 1 modulo 8.
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Another 4cycle system: K

Sometimes we need something more complicated
Rotate left to rlghtPure Difference 4

> Kl U Qa YIs&\reaDl e)r\er%e4
Mixed differences 2 ane?



Other Cycle Lengths

A The existence ah-cycle systems of order
has been solved after a long history.

A Clearly

I the number of edges must be divisible iy

| the degree of each vertex must be even, and
I we neednto be at leastm, orn = 1.
AlspachGavlas~ | dH6ffman, Lindner, Rodgkr



Embeddings

A A 4-cycle system P aé
In a 4cycle system Q sy lf PIs asub

IS said to be embedded

multisetof Q.
( N A
V
\ / 4/
P witha=1 Q hass-=1 too!



Embeddings History

A The Lindner problem of embedding a partial 3
cycle system of order n into an STS(v) has be
solved! (Bryant and Horsley)
Al ySOSaalNE O2yRAGAZY

A For 4cycles the situation is messier, but recen
progress has been dramatic:

AbSOSaal NRiLe O x VYby

A Lindner had the best result of 2n+15 until recently:
An + 12/2n34 + o(r#4)  (Lindner and Hilton)
An + 12 + o(rH2) (Furediand Lehe)



Embeddings History

A Partial 3cycle system of order n into an STS(v
A x HY bwm (Bryant, Horsley)

A Partial 4cycles systems:
An + 2 + o(rt'2) (Furedj Lehe)

APartial 5cycle systems:

A (9n + 146)/4 (Martin, McCourt)
A Partial 2kcycle systems
A Aroundkn (Hoffman, Lindner ,Rodger)

A Partial 2k+1cycle systems
A Around (4k+2)n  (Lindner, Rodger, Stinson)




Enclosings

A A k-cycle system P & K is said to be enclosed
In ak-cycle system Q ofege)K, ., If P Is a sub
multisetof Q.
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P witha=1 Q witha+e = 2



Conjecture

A 5-cycle system ob- K can be enclosed ina 5
cycle system ofg+e K, If and only if

1. (& &)(v+u-1) Is even,
2. The number of new edges is divisible by 5,
3. fu=1thens(v-1 ) a+«x), 3 (
4. If u=2then

ev(v-1)/2-2(a+€) T (v-1)(o+¢€) [/ 2 O
51 f u O 3 then

ev(v-1)/2 + -+ e)u(url ) /VR(E€x)/4 + 2

whereU= 0 or 1 ifvu(e+ €) is 0 or 2 (mod 4) resp.
(Asplund,Keranenand Rodger)



These Conditions are Necessary

A Suppose u = 1.

A The number of &ycles including the added
vertex,b , mu sate)b e v (

A Each of these uses 3 edge&n
ASoev(v-1) /| 2 a+eX®. 3 v (
ﬂmultiplicity o+E

v verticess P




These Conditions are Necessary

A Suppose u = 2.

A The number of &ycles joining the two added

verticesmust be &+¢).

A Each of these uses exactly 2 edges,in

mu

V vertices—
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le,
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tiplicity a+¢
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These Conditions are Necessary

A Suppose u = 2.

A The number of remaining edges joining the 2
new vertices tK, Is 2ve+e) 1 2(a+¢)

A Each of the &ycles using thes2(\-1)(a+¢)
edges uses at least 1 edg&|n

V vertices—




These Conditions are Necessary

A Suppose u = 2.
A So
2(a+g) + 2(\v1)(e+8)/4 Ogv(v-1)/2

A (v-1)(e+¢) is even

JlE)l
0 DZ

V vertices—=




Theorem

A 5-cycle system o0& K can be enclosed ina 5
cycle system ofe+e ) K If and only If

1. (& ¢)(v+u-1) Is even,
2. The number of new edges is divisible by 5, anc

3.e(v-1) oa#x). 3 (

(Asplund,Keranenand Rodger)



An idea of the proof

Good news!

The number of edges that occur Ircgcles completely
contained In theeK,, Is exactly

ev(v-1)/2 - 3v(e+¢£)/2 =Wy
so is a multiple of v. is always an integer)

(3(a+ €)/2)v edges occur in-Baths.

We are in with a chance of using difference methods!



An example will suffice!
v=50,e =1

So the necessary condition
e(v-1) a+4x) 3 (
means that
2O &(v-4)/3=15.3
SO
a O 14.
We start with the small values and work our way u



SkolemSeqguences

The two integersk, appeark apart in:
11342324

12345678
These can be represented by pairs:
{1,2} {3,6} {4,8} {5, 7}

Or we can add a constant to each number In
each pair:

{4,5} {6,9} {7,11} {8,10}



v=50=1R¢ =1,a=2 soU= 20

{4,5}{8,10 {6,9}{7,11}
Differences used: -4
458106,97 11=Xk+1

16,17,18,19
12,13,14,15
23,22,21,20=4K

2-1
32

6

What is left?? 30 ]

29
1, 2, 3, 24, 25 28

5k+2 =2

N

15=X



What do we do with
differences 1 0.1
1,2,3 2

These edges occur
In 5-cycles withb

Rotate this throug
50 positionsa-= 2

24



v=50g =1,
What happens i-Is bigger?

A amust be even
AU=¢g(v-1)/2 - 3(a+€)/2
A So increasing-by 2 means thatis decreased by =




v=50g =1 a=4 soU=17

o5 24

How do we dropto 17 Look at the purple &ycle:
differences on the right?78, 10, 13, 1720



v=50g =1 a=4 soU=17

o5 24

How do we dropto 17 Look at the purple &ycle:
differences on the right?78, 10, 13, 1720



v=50g =1 a=4 soU=17

0=50

_101

24

25
The purple 5cycle pieces: Two more purple &ycle pieces
8,13, 17 10, 20



What happens when
= 6, soU= 14?7

AWhenU= 14, somehow we need to use edges
of 4 differences and partition them inte 5
cycles!

A We can use edges of difference 10 and 20, lik:
bef or e, but we donot

A The edges of differences 1,2, and 3 can be
partitioned into sets that inducecgcles!



Remember the&skolemSequences?”

The two integerk appeark apart in:
11342324

12345678

These can be represented by pairs:

{1,2} {3,6} {4,8} {5,7}

Or we can add a constant to each number In
each pair:Why add 3?? g5 we avoid using

{4,5} {6,9} {7,11} {8,1(¢mmm differences 1,2 and 3 |
the 5-cycles in K



Notice that only edges 5k=0
of differences 1,2 and 3

are used.

Here Is the second
of three base cycles.

Each of these will
have multiples of 5
added to them.



Notice that only edges 5k=0
of differences 1,2 and 3
are used.

Look at the edges
of difference 1 In
these cycles.

Each of these will
have multiples of 5
added to them.



Notice that only edges
of differences 1,2 and 3
are used.

Look at the edges
of difference 1 In
these cycles.

Each of these will
have multiples of 5
added to them.




Notice that only edges
of differences 1,2 and 3 5k=0 4

are used.

Look at the edges
of difference 1 In
these cycles.

Each of these will
have multiples of 5
added to them.

The 5 edges of each
difference start at vertice
that are different mod 5.



v=50g =1,a=6 soU=14
{4,5}{8,10 {6,9}{7,11
Differences used:
4512,16,23
6,9,14,18,21
10,
1,2,3
What Is left??

DNER dzLJ 4 KS 4§
8,15,17,20 30
7,11,13,19,22
24,25 giveg = 1 57




What happens when Iincreases?

When v =50 and = 1,20 14.
Whene = 2, thenecessary condition
e(v-1) a143x) 3 (
means that
O £(v-4)/3=30.6
SO
a O 30.

So every case can be handled usingethd result

EXCEPT WHBN= 30!



Is this v=50 case typical

A For the most part, yes.
A The smallest value @fis also a problem:

£ 112 (3 |4 |5 |6 (7 |8 |9 |10




Theorem (in all likelihood!)

A 5-cycle system oé K can be enclosed ina 5
cycle system ofe+e ) K if and only If

1. (& ¢)(v+u-1) Is even,
2. The number of new edges is divisible by 5, an
3. If u=2then

ev(v-1)/2-2(a+¢€)i (v-1)a+e) / 20 O

(Asplund,Keranenand Rodger)



Conjecture
A 5-cycle system oé K can be epclosed Inab
cycle system ofa+e K., with u O3 if and only If
1. (& #)(v+u-1) Is even,
2. The number of new edges is divisible by 5, an
3. ev(v-1)/2 + -+ e)u(ul ) / vRa(e€x)/4 + 2

whereU= 0 or 1 ifvu(a+ €) is 0 or 2 (mod 4)
respectively.

(Asplund,Keranenand Rodger)



There Is a gap!

ev(v-1)/2 + @+ e)u(ul ) / 2 ax)A+HA) *
IS quadratic in V.

So as v increases with the other 3 parameters helc
constant,enclosingsnay become impossible for sor
Interval, then become possible again.

For example whea =1,a=34 andu =75 requwes
v O 10 or v O 1
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